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ABSTRACT

This paper presents a new hidden surface algo-
rithm. T1ts output is the set of the visible pieces
of edges and faces, and is as accurate as the arith-
metic precision of the computer. Thus calculating
the hidden surfaces for a higher resolution device
takes no more time. If the faces are independently
and identically distributed, then the execution
time is linear in the number of faces. In par-
ticular, the execution time does not increase with
the depth complexity.

This algorithm overlays a grid on the screen
whose Tineness depends on the number and size of
the faces. Fdges and faces are sorted into grid
cells. Only objects in the same cell can inter-
sect or hide each other. Also, if a face com-
pletely covers a cell then nothing behind it in
the cell is relevant.

Three programs have tested this algorithm.
The first verified the variable grid concept on
50,000 intersecting edges. The second verified
the linear time, fast speed, and irrelevance of
depth complexity for hidden Tines on 10,000
spheres. This also tested depth complexities
up to 30, and showed that perspective scenes
with the farther objects smaller are even faster
to calculate. The third verified this for
hidden surfaces on 3000 sguares.
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LIST OF SYMBOLS

1. F(N} = 6{G(N}) means that for all O<a<b,
there exists No such that N>N0 =>
aG(N) < F(N) < bG(N).

F(N)>8(G{N}) and G(N) <0{F(N)) mean

for all ¢ > 0, there exists No
N > N0 = F{N) =¢ G(N).

[a%]
N

that
such that

3. F(N) > 8(G(N)), equivalently G(N) < 0(FIN)),
means F(N) = ¢(G{N}) or F(N) > 6(T(N)}.
Informally, 1 means F grows asymptotically as
fast as G, 2 means F grows faster, and 3
means F grows at least as fast.

4, Let Lx} = the largest integer < x (trunca-
tion).

5. Let B be the fineness of the variable grid,
that is the number of cells along one side

of the screen.
6. Let € be an unspecified constant.
7. Let D be the depth complexity of the scene.
8. Let E be an edge.
9. Let F be a face.
10,  Let Fy, be the blocking face of a cell.
11.  Let G be a grid cell.
12. Let L be the length of a projected edge

(assuming the screen is one-by-one).
13. Let N be the number of edges in the scene.
14. Let P be a point.
15. Let R be either a region of the screen cor-

responding to the visible part of & face,
or the radius for a projected sphere.

INTRODUCTION

The hidden surface problem has been actively
researched for 15 vears. Fer an excellent summary
as of 7 years ago, see Suytherland [13]. Lately,



attention has turned to photographic quality out-
put, Blinn [3,4], Crow [5], Newell {4?, and
Whitted [3]. The algorithm presented here falls
in both object and image space in Sutherland's
classification. Although it does many calcula-
tions on the display screen, in contrast to image
space algorfithms, its output is exact, and its
time does not increase with depth complexity (the
average number of projected faces on each point
on the screen). Algorithms which compare all
faces that cross a scan line take at least quad-
ratic time in the depth complexity. In contrast
to other object space algorithms, it takes linear
time on a large class of input scenes.

Intuitively, the reason that the depth com-
plexity, which is related to the size of the faces,
does not matter, is as follows: Either the faces
are large or they are small. If they are Targe
then they overlap so much that most of them are
totally hidden. After these are quickly detected
and deleted, the resulting problem is much simpler.
On the other hand, if the faces are small, then
each face overlaps few, if any, ather faces. This,
too, can be detected efficiently. Therefore, the
size of the faces does not slow the algorithm.

This algorithm is similar to that of Weiler
and Atherton [14], except that it is faster, but
does not yet texture the faces. Since the output
of this algorithm has meaning, and is not just a
set of pixel intensities, it could also accommo-
date shadows and textures. This aigorithm is
similar in spirit to the computational geometry
ideas of Bentley [12].

On the surface, this algorithm is similar
to Warnock's. However, it has the following
differences:

1.  Here the one Tevel grid is a temporary scaf-
folding and the visible piecas are returned
whole, while in Warnock's algorithm the vis-
ible pieces are returned cut up arbitrarily
by the hierarchical grid.

2. This algorithm produces exact results while
Warnock's algorithm stops subdividing at
about half a pixel, and doubling its resolu-
tion doubles its time.

This dlgorithm takes worse than linear time on
scenes where the faces' positions are correlated so
as to make them all intersect each other with each
of them partly visible. However here the com-
plexity of the output is >8(N), so the algorithm
could not possibly be Tinear.

Knowlton | 9] and Max [10] have a good hidden
surface'algorithm for shading with space filling
molecular models.

An earlier version of this linear algorithm
developed and implemented by the author in 1972-
1976 is described in [6,7].

ASSUMPTIONS

The speed of this algorithm depends on
: several
assumptions about how the nature of the scene
changes as N increases.

a.  The projected edges in any given scene are all

the same Tength. This can be weakened to al-
Tow the ratio of the average edge length to
the shortest length to be merely bounded,above
since then all edges could be cut into pieces
as long as the shortest edge without changing
N by more than & constant factor.

It might seem that this assumption rules out
perspectively projected scenes since the fur-
ther edges are smaller. However, in practice
these scenes are faster to calculate, not
slower. This is because in this case a few
big faces in front totally hide many small
faces in the rear, and this algorithm can
quickly eliminate totally hidden faces. On
the other hand, if the closer edges were
smaller, then this algorithm would slow down.

b. The faces' and edges' positions are independ-

ently and uniformly distributed. This is
never exactly true since otherwise the prob-
ability of two faces meeting at an edge

would be zero. However, these effects become
relatively smaller as N grows. Even if the
3-D scene is highly correlated, as in figure
3. the projected scene is less correlated.
Finailly, correlation of distant objects is
irrelevant since it doesn't affect their prab-
ability of intersecting, which remains zero.

c¢. The objects in big scenes are "similar" to

those in small scenes in the sense that the
same number of edges meet at a vertex, that
faces do not get longer and thinner, and so

on. This appears to held for realistic scenes.
A scene of N faces with Tength one and width
1/N would be very slow to calculate.

d. Border effects at the edge of the screen are

ignored. They become progressively less
important as the objects get smaller, unless
the depth complexity is very large, say 100.

A NAIVE ALGORITHM

The new algorithm is a refinement on the fol-
Towing naive algorithm operating in time T 3_8(N2):

1. Intersect all the projected edges pair by pair,
to cut each edge into segments. Each segment
is completely visible or else completely
hidden.

2. Compare each segment against all the faces to
see if i1t is visible.

3. Draw the visible segments and use them to di-
vide the screen into regions, each corre-
sponding to a visible part of a face.

4. Compare each region against all the faces to
see which it corresponds to and shade it
accordingly.

Note that not only any algorithm that compares
all the edges will be too slow {i.e., worse than
linear}, but any algorithm that finds all the edge
segments is too slow since the number of segments

is 6(N°LZ + N) which can be > 0(N}. For example,
let the scene be a cubical array of tubes. If
3

there are K3 cubes, each of side 1/K, then N=12K

- /
and L=1/K. so L=a(N ]/3). Then there are 6(N4'3)
line segments, and testing their visibility takes

time T=o{N’/3), which is worse than quadratic.



DATA STRUCTURES

This algorithm has the following logical data
structures:

1. The array of faces.
2. The array of edges.

3. AB x B grid of square cells overlaid on the
projected scene. Each cell has the following
three elements which are initially empty:

3a. The number of the closest blocking face, Fb,
if any, of this ce11.Fb's projection cam-
pletely covers the cell so that nothing behind
can be seen.

3b. The set of faces whose projections intersect
the cell, and which are in front of Fb.

3c. The set of edges whose projections intersect
the cell, and which are in front of Fy.

4. A set of pairs of intersecting edges. This
set contains all the visible, and some of the
hidden, intersections.

5. The set of visible line segments.

6. The set of visible regions, R. Each R is a
connected visible part of one face.

THE LINEAR ALGORITHM

1. Project and scale the scene to fit a 1 by ]
square on the plotter screen. These technigues
are well known. They may be found in the text-
books by Newman and Sproull [11], and Rogers
and Adams [12].

2. Let B = {c min (N, L']zj, for 0 <c <1. ¢,
which is an unspecified constant, is used to
fine-tune the algorithm. Fine-tuning is dis-
cussed later.

3. Overlay a B by B grid of cells onto the scene

4. Initialize the grid cell data structures.
5. Repeat for each projected face F:

a. Determine which cells, G, F falls partly or
wholly in, This is not dene by comparing

each of the B¢ cells with F. Instead, the
minimal box of cells enclosing F gives a

good approximation. A more accurate determ-
ination can be made by considering F's edges.

If extra cells are included then the algor-
ithm will later run slower but will still
give the correct output.

5b. Repeat the following for each G that contains

F:

i. If G has a blocking face, Fp, determine
whether, throughout G, Fb is always in

front of F. False negatives are alright
at this step. Thus a convenient way fs
to compare the distance of F from the
viewpnint at the 4 corners of G with the
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distance of Fb at these points. Since

the faces are convex and do not inter-
penetrate, if F is behind Fb at those 4

point, it is always behind Fp {The con-
verse is not always true.)

If F is behind Fb’ do not consider this

G further with F and go back to (i) to
process the next G.
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Figure 1: 10,000 spheres before and after
removing the hidden lines



ii. Otherwise, determine whether F is itself
a blocking face of G. This i5 true if
and only if G's 4 corners are inside F.
If F does cover G, then update Fb to be
F

iii. Otherwise add F to the set of faces in G.

Sc. If F is not added to any G, then to save
space delete it and its edges from the
arrays since it is certainly invisiple. If

there are many big faces, most of them may
get deleted at this point,

6. Repeat for each cell, G:

6a. Compare the blocking face, Fb’ against all

the faces on G's set. Delete from the set
any that are behind Fb within G. The

method of 5a(i) can be used. The reason
that there may be faces to delete is that
Fb may have been changed as the faces were

processed. Thus a face, F, may have been
added to G's Tist at a time when F was in

front of the current Fb. Then Tater Fb

was replaced with a closer face that was
in front of F. F would be deleted in this
step. Although we could clean out the
list every time that we updated Fb’ doing

it all at once is faster. The initial
check in 5a(i) was done to save space.

7. Repeat for each projected edge, E:

7a. Determine which cells, G, E passes through.
Repeat for each G:

i. Test whether E is behind Fb' Do this

by clipping E at the borders of § to E®
and then testing whether the end-points
of E' are both behind Fb.
ii. If not, then add E to the set of edges
in G. Note that we add the complete E
to the list, not its clipped version.

/b, If E is not added to any G, then delete it
from the array of edges, since it is
certainly invisible. However, note that a
face may be partly visible even though nane
of its edges are.

8. Repeat for each cell, G:

8a. Repeat for each pair of edges, E] and E2

in G's set of edges:

i. Test whether they intersect.
ii. If so, test whether the intersection is
in G. (This catches duplications
caused by the fact that the same pair
of edges may pass through several cells).
iii. If so, then add E] to the 1ist of edges
intersecting EZ’ and E2 to the list of
E
'l .

120

However, if only the visible lines are
wanted, and not the visible surfaces, do the
following steps instead of (iii):

iv. Determine which one of E] and E2 is in

front of the ather in 3-D at the peint
of intersection. Without loss of gener-

ality, let it be E1.

Figure 2: 1,000 spheres in perspectivg, before
and after removing hidden lines



v. Add the intersection point to only EE's

list. This is because the visibility of
E1 is not changed by E2's passing behind

it.
when we are shading if we want the
visible regions to be properly defined.

Nevertheless, we must still cut E1

9. Repeat for each edge, E:

%a. Sort the intersection points of E along E.
A fast method that works regardiess of E's
slope and is stable against small floating-
point errors in coordinates is this:

).

i. Let the intersections be (Xa’ Ya

ii. Sort them by ABS(Xa) + ABS(Ya).
g9b. Use the sorted points to split E into seg-
ments, S. An edge with no intersections
forms one segment (unless it was previously
deleted).

9c. Repeat for each segment, S:

j. Find its midpoint, P.
ii. Find which cell, G, contains P.

i. Compare P against all the faces, F, in

G to see if any hide P. F hides P if it
satisfies 2 conditions: P is behind the
3-D plane of F {possibly extended} and
the projected P is inside the projected
F.

iv. 1f P is visible, then so is $, so draw
S, and add it to the set of visible

segments.

10. Determine the regions, R, of the planar graph
formed by the visible segments, using standard
algorithms.

11. Repeat for each region, R:

11a. Find a point, P, in it. The centroid

will suffice except for some cases when
R is concave.
11k,

Tlc.

Find which cell, G, contains P.

Compare P against the faces, F, in G.
Find the closest of those faces whose
prajections contain P. The distance is
measured by taking the length of a ray
from the viewpoint towards P, possibly
extended, until the 3-D plane of F.

fote that in general the ordering of 2
faces in G will depend on where P is, so
it is impossible to presort them by dis-
tance.

11d. R corresponds to a visible part of the
closest face, F, so shade R accordingly.
If P does not fall in any face, then R
corresponds to background, and can be
appropriately shaded. There may be more
than one region per face.

i
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1,470 spheres in a regular arrangement,
with hidden lines removed

Fiqgure 3:

TIMING

There are 2 cases to be considered because
of the definition of

B= | cmin (M, L) ] .
= ¢ min (WA, L'l)
since the floor function is asymptotically unim-
portant.
Case 1: L 2 8(N'1/2)
sop B = E .

Since the cell size is a constant fraction of the
face size as N increases, the probability that a
given face will completely cover a cell that it
partly covers is a constant, say p. 1t the faces
are square with sides parallel to the grid, then

?
c-1
P=(?+T) »e21 .

Now as the number of faces in the cell increases
to infinity, the expected number of the first
biocking face is

i-1

1
w1 8

ip (1-p)
3

q
i

1
p

) (sﬂ)z
c-1

Thus, and this is crucial to the algorithm, al-
though the expacted number of faces per cell may
grow to infinity, the expected number after faces
hidden by the blocking face have been removed is
bounded above by q.

Let r = the expected number of cells a face falls

in.
_ 2
Then r = (c+1)°.
let s = number ﬁf faces



Then the number of faces per cell before deletions
is

rsh
BZ

of which g faces per cell are not deleted. Thus
the fraction of faces left is

2 2
4B _ ( c ) L
rsN c-1 stN

Since the edges are distributed in 3-D as the
faces are, this is also the fraction of edge sey-
ments that will not be deleted for falling behind
a blocking face.

Let u = average number of cells an edge falls in
= ct] .,
Then the average number of edges per cell is

ull

32

Then the average number of edges per cell left
after deletions is
2
9B, uN =9£=_(C+1%
rsN Ef rs (c-1)%s

again a constant. Then intersecting the edges in
the cell, pair by pair, takes constant time per

cell. The total time is BZ.

Since each cell has a constant average number
of edges in it, the number of intersections found

is B(Bz) 50 the number of segments the edges are

cut into is a(N + BZ). Testing a segment for
visibility takes time proportional to the number
of faces in the cell that that segment's center
falls in, which is constant. Thus the total time
for the hidden 1ine part of the algorithm,
obtained by summing times for the operations
given above, and adding &{N) for bookkeeping is

5(N + B%)
&(N)

T

1]

Thus the hidden 1ine algorithm is 1inear.

For the hidden surface algorithm, the number
of visible segments is < the number of segments =

a{N + Bz) = 6(N). So the number of regions on the
plotter screen is 8(N), Determining them takes an
expected time of 8(N). Finding which face a
region caorresponds to takes time propertional to
the number of faces in the cell being used for
that regfon, which is constant. Thus, the total
time to identify the regions is &(N).

Case 2: L < B(N']lz)

The analysis is similar to Case 1 and gives
the same result. Therefore, the complete hidden
surface algorithm takes time T = 6(N) in either
case.

IMPLEMENTATION

Three different programs have been written to
test various aspects af this algorithm. All the
implementations were on a Prime 500 midicomputer
with a 16 bit wordlength and 1 M3 of memory. The
Prime performs a single precision floating multi-
ply in about 5 microseconds. The results were
plotted either on an Imlac or an IBM 3277 graphics
attachment.

The first was designed to test the concept
of a variable grid. It calculated the intersec-
tions among random edges. It was tested with
different numbers of edges, edge Tengths and grid
sizes. For example, with 10,000 edges of lengths
about 0.01 {on a 7 by 1 square), and a 100 by 100
grid, it took only 77 seconds to find all 1814
intersections out of the 50 million possibilities.
The number of (edge,cell) pairs was 19931. The
optimal grid size was determined experimentally,
and within a factor of 2 made 1ittle difference.
The algorithm behaved as expected as N and L
varied, except that the optimal grid size was
hard to predict since it depends on the relative
speeds of various parts of the program.

The second implementation, SPHERES, is de-
scribed in detail in Franklin [8]. It uses the
same concepts, but is a different algorithm
designed to calculate hidden lines for scenas com-
posed of spheres, as in a molecular model. SPHERES
has been tested at depth complexities up to 30,
and the time for fixed N even drops slightly as D
increases at this point. For D = 10, SPHERES has
been tested for N up te 10,000, This case took
only 383 seconds to calculate. Figure 1 shows
10000 spheres packed 10 deep before and after
hidden lines are removed. Figure 2 shows 1000
spheres with D = 10 in a perspective projection
before and after. This case takes 1/3 less time
than N = 1000, D = 10 with fixed R. Figure 3
shows the hidden lines removed from & regular
array of 1970 spheres. Table | shows how T varies
with N if D = 10. If N is fixed while D varias
from .1 to 30 {by changing R}, T is largest for
D = 5, and declines slowly as D increases.

The third implementation removes hidden sur-
faces for random squares. Figure 4 shows 300
squares with the visible surfaces crosshatched at
an angle proportional to their distance. This has
been tested up to N = 3000 and table 2 shows that
the time is stiil Tinear. This last case has
D=77.

This algorithm is now being extended-to hier-
archical or rotating scenes and is being incorpo-
rated intc a general 3-D object manipulation
package.
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