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Figure 1: Scaling P Moves It Outside Triangle ABC
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Figure 2: Rotating P Moves It Inside the Circle
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Problems With Using Integers

Many spatial databases represent point coordinates with
integers. This is equivalent to forcing all the coordinates
to lie on the vertices of a grid when they are digitized. 1f
there are problems with a loss of accuracy, for reasons to be
described below, then the usual solution is to make the grid
finer and more accurate. This appears to solve the problem
(always except for a few nasty special cases that never seem
to go away), though it actually only reduces it somewhat. It
is a theme of this paper that the act of seeing a finer grid
as a solution is itself part of the problem since it
presupposes the form of the solution. Finally, as ever
larger databases are being processed mechanigally without any
human intervention to enforce "common sense” constraints,
then it is not sufficient to remove most of the computational
problems; we must devise a system that handles them all.

Although the problems with using integers to represent
map coordinates are obvious, it is worthwhile to recapitulate
them. We will see where scaling or rotating an object can
cause a point to move to the other side of a line. This is
serious since point inclusion in a region is a fundamental
operation in cartography. This leads into the general
relationship of geometry and topology that is discussed next.
First, consider the triangle ABC with A(0,0), B(30,0),
c(30,24) as shown in Figure 1. Point P(18,14) is inside the
triangle. Now, let us scale the triangle down by a factor of
3, and approximate any fractional coordinates by the closest
integer. Triangle ABC becomes triangle A'B'C' with A'(0,0),
B'(10,0), <c'(10,8). However, P 1is transfcrmed to P'(6,5),
which is outside A'B'C'. Thus the scaling has moved a point
from inside an object to outside it.

Rotating an object can also cause the same effect.
Consider a circle of radius 11 centered on the origin, as
shown in Fiqure 2. Let us rotate point P(11,1), which is
outside the circle, in the positive direction by 45° {o make
point Q, and round off the result to the nearest integer.
Q's location is (7.07, 8.48) which rounds to (7,8}, which
inside the circle.

There are also the problems that occur when the
intersection of two lines is not an integer, so that the
closest integral point is not on either of the two lines.
Finally, as we use larger and larger integers, which is
equivalent to wusing a finer grid for the data, overflowing
the maximum legal integer becomes a problem.

Although the above errors are actually not too likely to
occur anytime that a particular point is transformed, as ever
larger data structures are processed, the probability of
these errors occuring is large enough that the integrity of
the whole database can be threatened.
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Although this error may be small, a user who
might then magnify it by some operation such as dropping a
perpendicular from G to CF and then extending that line until
it intersects something else at some random location.

is unaware

For example, using the APL language on the IBM 3033
@nder the Michigan Terminal System at RPI, which does double
precision calculations, if A=(0,0), B=(1,0), and c=(0,1),
then the distance from G to CF is 1.388E-17.

Here is another example, in 3-D. Consider a cube with
vertex coordinates at (+1, +1, +1). Most computers can

calculate the equations of the faces so that:

1. EBach face's four vertices lie exactly on the face.

2. Opposite faces are exactly parallel.
3. The angles at the face vertices are exactly 90°,

Thus the topology and geometry are correct. Now
this cube by some angle such as 20°
followed by 30° around the Y-axis and concluded by 40° around
the 2Z-axis. The new vertex coordinates will not satisfy any
of the three conditions for a cube stated above. We may try
to relax the problem and be satisfied with a cube that is
"close" to the rotation angles given, but it may be
impossible to satisfy even the topology condition (1) above.
Again limitations in geometry are causing topology errors.

rotate
around the X-axis,

Computer Floating Point_ Numbers

More cartographic database problems arise from computer
floating point numbers. In fact, it is to avoid these
complexities that integers are sometimes used. Floating point
numbers are a model of the real number field which is defined
by certain axioms, (Spiegel, 1963). 1In fact, for almost every

real number axiom, there is a computer implementation for
which it is violated:

=]
=
it
T+
(o]
s
o
e
I+
I
l<
[
Ier

Y A*(B+C) = A*B + A*C

For, a wviolation of this rule, consider a decimal
floating number system which stores one decimal digit for
each number. Calculations are performed exactly and then
rounded to one digit. Thus 9 and 10 are exactly
tepresentable in this system, but 11

'is not. Because of
rounding, 2*4=10 but 2*8=20. Let A=2, B=6, and C=2. 1In this

number system, distributivity is not satisfied, since
A*(B+C)=20, but A*B+A*C = 10,

196

ymmonwmﬁw<pnk nv+mv+nu>+Am+n_
T e B 30

This is violated one any smnvwzm Mpm: fewer than
significant digits if A=1.E30, B=-1.E30, .

Commutativity A+B = BHA

i hich can hold temporary

be violated on systems whicCh C 43

UmMWwwzomwmmpmnmnm at a higher precision m:wwnn:mm MMH0-<

it d in memory, and further allow a regis £ Wi i

MWM”anou if the register is nrmwnmwMMMHQcmwwm .vamnmmwo:.

is stored in memory, ) oy

e mwmm“wmsw machines tpnv .o<mnpm=mwm mHoMMw=m=m~mwwM.
mocmmnmnm that violate commutativity are given

Mwmmu~ (Gentleman and Marovich, 1974).

eciprocal There is a ¥ such that X*Y = 1.

For example, in the APL m<mﬂma.am=nwo:mwpww%<m~HeWMmm|uwm
no multiplicative inverse for 3 since 1-3x = 1.

d by wusing a properly
roblems can be reduce pec 1
A Mwmmmmpwﬂﬁwzm point mnm:mmn@. but nmssomnmwmwMMMWMme
bt d The IEEE standard, designed by numerl analyste
mmaommm.vmmw In contrast, those systems dating from e
i .
can be guite poor.

Varying_The Underlying Algebra

To avoid the above mentioned nmaﬁwmﬂww»mmm mwmmmmwwnwﬂm
s some other algebra i :
MMMWHMMMWOHMJamnqwm chosen algebra must be uw@mmm mmnmnmpsmswm
of simplicity and generality, €. i
Mwmwmnmwwwmnwwm possible and what figures may be represente
mwcmnmw algebras will now be compared.

Big_Integers

A big integer is an integer Hmwwwmmwwmaaoﬂwnr mwwnmswﬂw
igi cessar perhaps - .
@napﬁmanmomnmmﬂMme w:w. ring axioms, (Lipschutz, ; ﬂwww“m
p=ﬂmmw restricting coordinates to mroa smm:m¢mﬁmnwthw<wmm~
Mwmmzmwmencwmnwo: is not important mp:nm mcmw np%:ﬂnm.wm Tere
ivi tisfied.

i and associativity are sa i ! >
OMEMWMMMwNMMMmE overflow, so that we can use as fine a grid as
—.— .
By However, big integers suffer mrm same vnovwmsw.nﬂwwr

ling and nonmmpo: as the wusual p:nmmmnmw In wa w ummv
Since most computer lanquages with the excepion of B €Ol
h as MAC ’ 'y ' ) O B
mHMNmMNmMMMm:n them ourselves. Following is a sample of w
ﬂm necessary to add two big integers:
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A(2)=A(2) /SCALE
B{1)=B(1)/SCALE
B(2)=B(2)/SCALE
ENDIF
C(1)=A(1}*B(1)+A(2)*B(1)
C(2)=A(2)*B(2)
Reduce C to its lowest terms by removing common
factors. I assume that GCD is already defined.
I=GCD(C(1), C(2))
c(l)=C(1)/I
c(2)=C(2)/1
RETURN
END

‘xact Rationals

By this we mean representing a number as a numerator
ivided by a denominator, where both are represented by big

ntegers with as many digits as necessary. For example, we
ight have

A = _123456789123456789
8346351293274672736

Since we cannot represent such large integers directly

n most languages, we must implement them also. The usual
echnique is to use an array to store each integer, with
bout 4 digits stored in each element. Then the numerator of
would be an array AN(5) with

AN(1)=12

AN (2)=3456
AN (3)=7891
AN (4)=2345
AN(5)=6789

: The denominator of A would be another array, AD. In
ummary, representing a point with exact rationals would
equire wusing 2 exact rational numbers. Each exact rational
n turn would be the gquotient of 2 big integers. Each big
nteger would be an array of normal sized integers.

This number field has many advantages:

a) Since it is a true mathematical field, distributivity
nd the other properties hold, so that the order of
alculation  is immaterial and mathematical identities hold.

b) Objects can be scaled up and down by any

rational
raction.,

c) If two lines are intersected, then the new point lies

n them. Likewise, 1if a plane equation is calculated from
hree points, then they will fall on the plane.

d) Objects can be rotated by any angle whose trig
unctions (e.g. sine and cosine) are rational.
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wamwsmn this are a few deficiencies:

a) This representation is not simple since the number of
digits in a number doubles with each operation.

tain figures which are constructible in classical
mmoamw”<nmﬂwww. cwns ruler and compass) are not nmmppumwwmﬁWM
rational numbers. For example, as shown in Figure m. bee
length of the diagonal of a square .ow:wow be use ﬂ s
coordinate. Even the @o:nmaﬁwa vaﬂwnuMnmwmsMMQWHmwszmwwnr
represented. Wwe do not reguire : wrwn agh

r nl require a Sgrt(5), but merely

mewmw:MMonwcma mmmmmbmm to the vertices so nswn n:%:ww<ww
collinearity and coincidence relationships obta w. s
impossible unless the whole figure collapses to a single -

e proof is that the nowwuzmmmwnwnm in the pentagram
are ewnowmonucm geometry cnommnﬂwmm. and the mwmwwmc wm
constrained such that the projective nnommlnmnwouc A
constant. Since it is irrational »m.ﬂrm pentagram ”m nmoﬂ wsm
then it is always irrational. This means that at leas
of A, B, C, or D has an irrational coordinate.

4 (o]
c) Objects cannot be rotated by angles such as 30 or
45°,

n of rotation is not totally trivial. Define
a =nmwM|mwmwwwMH= angle as one whose sine and cosine are
rational, i.e. the angles that are :mmcpm with nmnwn:mum.
Although no angle, not a multiple of 907, that is itself
rational or even algebraic, will be Annumlnmﬂwo:mw. the
nu»mlnmwwcsmw angles are dense in the interval [0,360), Mo
that we may £find a representable angle arbitrarily mHOmm o
the desired one:

Lemma
i (This means
rig-rational angles are dense 1n gomumo.u
that eermnm is a trig-rational angle arbitrarily close to any
angle T such that 0<=T<360, (Spiegel, 1963) .)

Proof 1

such angle, such as T=Arcsine (0.6) . Since T
is HHMMMMMMwwwm there wO not exist M and zw M#N, such that
M*T=N*T, As N->infinity and the angles (N*T Mod 360) are
added to 1(0,360), the largest interval between no:mmmcnw<m
angles tends to zero, (Knuth, 1973). Thus there is a
trig-rational angle arbitrarily close to any angle.

Proof 2
The angle T such that

2K+1

..—.u
tan 2K(K+1)

i i : = i = Thus
teger K is trig-rational. As K > infinity, T->0.
Mwwmw=acmnwﬁwm of T is arbitrarily close to our target angle.
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Lrmahlg 7 i e $iges
r le LWu bisecticn or addition. These ar« the angles
) dsygreeaz for positive integers %, L.

Ca the gther hana:

_@) Combining two numbers can give arn exvression whoge
lust rerresentation s as long as the sum of the langths
o cperands. That is, as for retional numbers, .nmmnm
no simplification. These exprescions .Em<
B Hesten sguare noonm. Thus we need an algebraic
u.ztion system, such as MACSYMA (MIT, 1874) or REDUCE
T, 16§73) to implement our cartographic system. i

For example 3%, the smallest integral a
T . ngle ex
here has az its simplest ﬁmnnmmmnﬂmﬁwomn " SRS

cos 30 = B =B)(/E-1] * (/B 2)(/10+2/5)

k) It is difficult to determine th i
e simplest roperties
cf these numbers, such as whether they are zero, @cwwﬁw<m or
negative. For example, if i

RNTeY S cwe,

_then is X=0 ? If we evaluate the expressio
M:mw»mpmsn rwnmnumwos using approximations, m:mn zM EMM
cn%mrn w:mr. X=0. To prove i%t, we must find the polynomial
with ratiecnal  coefficients that has X as one of its root
hksn an  interval [A,B] tha: separates the root from mwp w”.
wynnwuwo:m aneg, and test whether the polynomial has m ze :
toct  3n  [A,B). In this case, since thesre the expression :Mm

fuur sqguare f . i g
i square roots, the polynomial would probably be of degree

c) We gki 5
@ s:ill cannot represent angles such as 1© that are

Cormed by 2
Y In P ntai : .
yeneralizne order to obtain them, we nust

with nvm an<wocm case, our eaxpressicns are
wilcated, but wWe Tan represent ncre the
thoze obtained by trisection. For oy Jle,

-~ 3:€es5 1°

z0lied to give a complicatad, though explicit,

[ pm in tarms i 9
Jod in tarms of Cos 37, which is itself

0a

Algebraic_Numbers

These are the roots of polynomials with rational
coefficients. The advantage is that we can represent any
rational angle, since if angle T=N/D degrees where N and D
are integers, then performing a D-section of the N degrees is
equivalent to solving a D-th degree polynomial.

The problem is that, due to the unsolvability of general
polynomial equations, the only means of representation of a
number is as the following pair:

- a polynomial, plus
- an interval [A,B] that isolates one of the roots.

This field is clearly too complicated for everyday use.

Some possible solutions do not involve varying the
underlying algebra, and can in fact be superimposed on top of
any of the models described in the last section . They

include:

Ipterval Arithmetic

This accepts that the calculation will be only
approximate, and stores the possible range for each number.
Thug instead of 2, we might have [1.9,2.1]. Then, instead of

(3=2)*4 = 4
we would have

( [2.9,3.11 - [1.9,2.1}) * [3.9,4.1] = (3.12, 4.1]

Notice how the interval can grow. If we can determine
when the interval will be large enough that the topology
becomes uncertain, then we know that we will be safe until

then.

The implementation of interval arithmetic is almost as
complicated as rational numbers, since the user must first
define each number as an array of the lower and upper bounds,
and then write all the low level routines. For example, the
addition routine could be:

C Intadd: Interval arithmetic addition routine.
SUBROUTINE INTADD (A, B, C)
REAL A(2), B(2), C(2)
€ Combine the lower bounds.
c(1)=Al1)+B(1)
(&) Combine the upper bounds
C(2)=A(2)+B(2) -
RETURN
END
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ISARITHMIC MAPS AND GEOGRAPHICAL DISAGGREGATION

Dr. Erik Wallin

Lund University Computing Center
Box 783 £

220 07 Lund /

Sweden ]

Introduction i
Y /

In Sweden there are some 2 600 ﬂjmpmsmm. They constitute
the most common areal gub-division for gtatistice on the Swe-
dish monwopmonzoas& terrain. Some of /the problems encountered
when trying to display such soclo-economic features in thema-
tic, 4isarithmic maps are due to the fact that the form and the
aize of these parishes varies conaidérably. As shown in figure
1, high nﬂ:nmswwmnpoa.cm very msnmh parishes is found in some
parts of Sweden, whereas almost ﬁsm whole northern part, espe-
cially in the mountain-area, have a few number of very large
parishes. This has severe effects on both the accuracy and the
relevance of isoline nn:mﬂﬁ:anW: in certain areas, when using
traditional methoda. X, \

A series of thematic smvkp based on parish data, were
produced in 1974 to nhmﬁwmx.wwam of the characteristics of the
regional development in Swedén during the 60’'s and 70's. The
isoline construction ﬁﬂnwﬁml was 'solved’ by simply masking the
areas with too low denaity of parishes. When a new aeries of
thematic maps were to be produtzed in 1982, almost ten years
later, a more mwwwaﬂwﬁmanOH:ﬁHD= had to be found. An ad hoc-
solution was found that might pe ‘'of a more general interest.
The method is based ori a disa régation =and intrapolation
technique, rather than jaggregation an interpolation techniques
commonly practiced. H#\ﬁrum paper mosm/nh the details of the
proposed method will be highlighted in ‘relation to a discussion
of the isarithmic technique in more gen ral terms.

! \

‘; A\
Isometric and Isoplethic\lMaps
; \

Thematic jmﬂupsn with the isarithmic ‘technique presuppose
the existence of a continuous gpatial u::n#ﬁob having well-de-
fined and unambiguous values for arbitrary points within a

\

given territory -- the area to be mapped. \

Most available isarithmic techniques, i.8, the interpola-
tion and swmoothing algorithms found in ﬁﬂcnwws packages like
GD3, NAG/Graph or UNIRAS, presuppose that we have at our dis-
posal a gample (x,y,z)k from a proposed nomvu::ncm gpatial
function z=f(x,y). The parameters of the proposed function are
often estimated solely by taking the actual sample into ac-
count. To use these methods, we are, as it were, almost forced
to pretend that we are dealing with point-related data and the

209



