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ABSTRACT

Accurate terrain representation with appropriate preserva-
tion of important terrain characteristics, especially slope
steepness is becoming more crucial and fundamental as the
geographical models are getting more complex and com-
monly used. Based on our earlier success in Overdetermined
Laplacian Partial Differential Equation (ODETLAP), which
allows for compact yet accurate compression of the Digital
Elevation Model (DEM), we propose a new terrain compres-
sion technique which focuses on improving slope accuracy in
compression of high resolution terrain data. With high slope
accuracy and a high compression ratio, this technique will
help all sorts of geographical applications that require a high
precision in slope yet also have strict constraints on data size.
Our proposed technique has the following contribution: we
modify the ODETLAP system by adding slope equations for
some key points picked automatically so that we can com-
press the elevation without explicitly storing slope values.
By adding these slope equations, we can perturb the eleva-
tion in such a way that when slope is computed from the
reconstructed surface, they are accurate. Note we are not
storing the slope explicitly, instead we only store the eleva-
tion difference at a few locations. Since the ultimate goal is
to have a compact terrain representation, encoding is also
an integral part of this research. We have used Run Length
Encoding (RLE) and linear prediction in the past, which
gave us substantial file size reduction. In addition to that,
we also propose a Minimum Spanning Tree based encoding
scheme that takes advantage of the spatial correlation be-
tween selected points. Our technique is able to achieve a
1:10 compression at the cost of 4.23 degree of RMS slope
error and 3.30 meters of RMS elevation error.
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1. INTRODUCTION

The availability of high resolution Digital Elevation Model
(DEM) data including LIDAR, stereo photogrammetry and
Doppler radar has greatly assisted the development of GIS
related research. High resolution DEM data has made pos-
sible terrain analysis in geomorphology, water flow model-
ing, and the great success of GPS (Global Positioning Sys-
tems). However, accurate representation of terrains as well
as compact compression and transmission of terrain data
still remain problems, especially when it comes to topo-
graphical derivatives of the terrain. The primary derived
topographical parameters associated with DEMs are slope
and aspect [9], which are fundamental to several terrain re-
lated applications including hydrology, visibility and envi-
ronmental sensing [6]. However, while slope is technically
the derivative of the elevation, lossy compression of the el-
evation could amplify errors so that when recomputing the
slope from the lossily compressed terrain, it could contain
far more error than the elevation. Perhaps because of the in-
correct assumption that accurate elevations imply accurate
slopes, there appears to be no prior art on this topic.

This paper presents a lossy compression technique that pre-
serves elevation and slope with high accuracy and also pro-
duces a good compression ratio, which facilitates all kinds
of DEM data handling, including high speed data trans-
mission. The work is based on the ODETLAP framework,
which is very effective in reconstructing smooth terrains with
high accuracy from lossily compressed elevations with cer-
tain properties [18]. Since the previous versions of ODET-
LAP compress elevation well, our focus will be on improving
the effectiveness of preserving the slope accuracy through-
out the compressing and decompressing process. In addition
to getting higher accuracy, improving compression ratio is
also among our goals. Due to the cost of solving large lin-
ear system, this technique has cubic complexity in terms of
the input DEM size. However, we can still process DEM of
16,000 x 16,000 using parallelism in about 30 minutes [11].



2. PRIOR ART

How shall the elevations of the unknown positions be deter-
mined? The first law of geography is a well accepted prin-
ciple. It states that everything is related to everything else,
but near things are more related than distant things [14].

Some well known methods that directly apply this principle
include proximity polygon, inverse distance weighting and
kriging. All of them essentially set the elevation of an un-
known position (i,j), z:,;, to be a weighted average of known
elevations h; where [ =1,2,... k:

k
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Prozimity polygon (or Voronoi polygon or nearest point) sets

2;,5 to its nearest known neighbor, which means w; ;) = 1
for the nearest known position but w; ;),;, = 0 for all the
others [13].

Inverse distance weighting, as the name suggests, sets w; ;)1
to the inverse power of distance between (i, j) and the known
position I, usually square [10]. Kriging is a geostatistical ap-
proach, in which all control point data are involved in find-
ing optimal values of the general weighting function w(s) for
a known point distant s from the unknown position. The
main assumption here is that the covariance between two
elevations depends solely on the distance between the posi-
tions [7].

Another popular approach involves fitting splines. In this
case, first-order and even second-order continuity are ex-
plicitly enforced, thereby having an additional advantage of
ensuring the slope of the surface is smooth.

Compressed sensing is a technique that has existed since
1970s and it was recently discovered by David Donoho [1]
that it is possible to reconstruct a sparse signal from a set of
samples whose size is so small that Nyquist-Shannon sam-
pling theorem would tell the opposite. The difficulty with
the classical methods is that minimizing L2 norm is feasible
but often leads to poor results while minimizing Lo norm
makes the problem NP-hard. Donoho proved that L; norm
is equivalent to Lo norm, which makes it possible to solve
the problem using linear programming.

However, in most cases such interpolating the known points
is not necessary because of the measurement imprecision.
Approximation, which allows relaxation from the measured
values, allows much desirable overall prediction results and
much smoother surfaces. De-correlating elevation fluctua-
tions from the density of known positions is vital because
the way data are collected does not imply anything about
the roughness of the terrain.

Trend surface analysis is a representative technique used
for surface approximation. It involves specifying a general
form of a mathematical function at the beginning. This
is the trend which is expected to represent a large scale
systematic change that extends from one map edge to the
other. Then we fit the function with the sample data aiming
least squares, a process also known as regression. A review
of the technique can be found from Wren [17].

Numerous methods have been proposed to compute slope
from a DEM. The slope can be calculated in one of the
following ways: either by using trigonometry or by using
differential geometry [16]. We pick the Zevenbergen-Thorne
method [19], a differential geometry based method, which
offers good results. It first computes the gradient in the
horizontal and vertical directions separately by taking the
difference of neighbors along the direction. Then we take
cross product of the two to get the slope normal.

Compression of raster DEM data is supported by most GIS
software packages. GRASS simply uses run length encoding,
which is lossless, meaning it doesn’t compress that much.
ArcGIS offers several options: LZ77(lossless), JPEG(lossy)
and JPEG2000(lossy).

3. BASIC ODETLAP

ODETLAP was originally created to interpolate from con-
tour lines to an array of elevations. Its advantages include
being able to work with contour lines (continuous or inter-
mittently broken), inferring mountain tops inside a ring of
contours, and enforcing continuity of slope across contours.
All these are favorable features of natural looking terrain.

3.1 ODETLAP Framework

ODETLAP [2,4,11,18] operates on an elevation grid where
only a few points are known, computes a surface over the en-
tire grid. ODETLAP, for Overdetermined Laplacian Partial
Differential Equation, is an extension of a Laplacian PDE
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to an overdetermined system of equations. Each point in
the elevation matrix induces an equation setting it to the
average of its neighbors.

zig = (zi—1,j + zit1,5 + zij—1 + 2ij+1) /4 (3)

(For border points, only the two or three neighbors that
exist are used. This biasses the slope towards zero at the
border, but that is insignificant in this context.) In addition
to that, each point whose elevation is known induces another
equation, an exact equation.

25 = hij (4)

where h; ; is the given elevation at that point. For each un-
known point, we create only an averaging equation. There-
fore, if k of the n? points have known elevations, there are
n? + k equations for the n? unknown variables. Even for a
point of known elevation, we consider its actual elevation to
be unknown and solve for it. Obviously, the resulting eleva-
tion will be close to the reported elevation, but will not be
exactly it, because of the influence of nearby known points.
Because the known elevations are only approximate, that is
appropriate.

When there are more equations than unknowns, and the
system of equations is inconsistent, we optimize for a least
squares solution. Expressing the inconsistent system as Az =
b, the error is e = Ax — b, and we want to find an z to mini-
mize ||e||. Mathematically, that occurs at = (A*A)~' A%b.
However, that formula is never used because it is slower
and uses more space, especially for sparse systems such as



we have here, than any of various algorithms used by Mat-
lab [12].

In this least squares solution, multiplying both sides of an
equation by a constant will scale that equation’s error and
change its relative importance in the solution. We multi-
ply all our averaging equations by a parameter R, which
trades off accuracy and smoothness. A larger R causes the
solution to be smoother, but to be farther from the known
points. The basic ODETLAP has only this one parameter,
which gives it great conceptual simplicity. Figure 1 shows
the impact of R on the resultant surface.
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ODETLAP has the following advantages. First, it can han-
dle continuous contour lines of elevation, while allowing them
to have gaps. Second, in addition to broken contour lines,
isolated points can also be handled well, it is even possi-
ble to produce a surface that infers mountain tops inside
innermost contours. Third, ODETLAP could enforce slope
continuity across contours and generally shows no visible in-
dication of input contours, i.e. no generated terraces. See
Figure 1, which shows a surface interpolated over four nested
square contours, an example chosen to be particularly diffi-
cult to interpolate. With a mean error of 4.7%, there is no
evidence of terracing on the silhouette, which is the place
where it would be most visible. Also the local max is nicely
inferred.

The cost is that ODETLAP uses more resources, both mem-
ory and time. Its running time depends first on the cube
of the number of rows in the DEM, and second on the
number of known points. For an n x n dataset with k
known points, the running time is of ©(n® 4 k). Solving a
600 x 600 dataset with 23 630 known points takes about 13
CPU-minutes and 1.1GB of writable memory on a 2.8GHz
Lenovo Thinkpad W700 with 4GB of main memory running
Ubuntu 9.04 Linux and 64 bit Matlab R2009a. For larger
datasets, we can partition the problem, solve the pieces, and
smoothly merge the solution pieces [11].

3.2 ODETLAP based DEM Compression Al-

gorithm
ODETLAP can be used as a lossy compression technique for
the raster DEM data because once we obtained a point set
S, we can generate an approximation of the original raster
DEM using ODETLAP. With a carefully chosen S, we can
produce a terrain with higher elevation and slope accuracy.
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Figure 2: ODETLAP DEM compression algorithm

The ODETLAP compression algorithm’s outline is shown
in Figure 2 and the pseudo code is given in Algorithm 1.
Starting with the original DEM, there are two point selec-
tion phases: Firstly, the initial point set S is built by se-
lecting a regular grid over the original DEM and an initial
approximation is computed using the equations 3 and 4.
Given the reconstructed surface, a stopping condition based
on an error measure is used. In practice, we have used the
root-mean-square error(RMSE) as the stopping condition.

RMSE =
Z; : Computed DEM elevation at a given point
Z : True DEM elevation at a given point

N : Total Number of points

2(Zi=Z+)?
N

If this condition is not satisfied, the second step is executed.
In this step, k > 1 points from the original terrain are se-
lected by the method described in 3.3 and they are inserted
in the existing point set S; this extended set is used by
ODETLAP to compute a more refined approximation. As
the algorithm proceeds, the total size of point set S increases
and the overall error converges.

Algorithm 1 ODETLAP DEM Compression
Require: T = Original Terrain
Ensure: S = Output Point Set,RS = Restored Surface
S = InitSelection(T")
RS = ODETLAP(S)
while RMSE(RS,T) > MAX_RMSE do
S = S URefine(T, RS)
RS = ODETLAP(S)
end while
return S




3.3 Refined point selection - Greedy algorithm
After the initial point set is obtained, ODETLAP is used to
reconstruct the elevation matrix. This matrix has high error
with respect to the original terrain, mostly due to the limited
size of the initial point set. As shown in Figure 2, refined
points selection is applied and a set of additional points is
chosen and added to the existing points set S to form the
augmented points set. The way we choose new points is
greedy: we find a set of points with the greatest absolute
vertical error. The size of the set in our experiments is
intentionally kept small (10% or smaller) so that for a given
total number of points, more iterations could be used to
reduce the error as much as possible. This is actually a trade
off between accuracy and computation time. The augmented
set is then given to ODETLAP to reconstruct a more refined
approximation. The newly obtained approximation is again
examined with respect to the original terrain against our
stopping condition, which is either relative RMSE: compute
the RMSE of the approximation and check if its ratio against
the RMSE of the first approximation is less than a predefined
threshold or absolute RMSE: define a value for the maximum
acceptable RMSE.

3.4 ODETLAP Slope Compression
Dan Tracy [3,15] extended the ODETLAP by adding two
equations

Zig1,j — Zim1,5 = hit1,; —hio1; ()

Zij+1 = Zij—1 = hiji1 = hij—1 (6)
where the meanings of z and h remain consistent with that
of equation 3 and 4. Slope equations are structured in this
manner to match the way these quantities are used in the
Zevenbergen-Thorne slope method. Similar to the param-
eter R for regular ODETLAP, we use introduce a new pa-
rameter RS to control the weight of slope equations. So now
the overdetermined system contains these equations:

® RX [wij = (Tit1,; +Tio1j + Tijr1 + 2ij-1)/4]

Tij = hi,;

— hi-1,5]

RS x [2ij41 = 2zij—1 = hij41 — hij]

RS x [Zi+1,]' — Zi—1,7 = hi+1,j

The ODETLAP slope compression algorithm is then a slight
modification of Algorithm 1. Like before, we start with an
initial guess. In each iteration, a certain number of points
with greatest slope errors are picked nonrepetitively. Here
we collect the points together with the gradient in z and y
directions (called A, and A, separately). The terrain is then
approximated using the new slope ODETLAP equations and
the whole process is repeated until the desired accuracy is
reached.

4. ENCODING

The whole ODETLAP DEM compression algorithm mainly
does one thing: selecting points that would best represent
the terrain in such a sense that when given to ODETLAP,
would produce most accurate terrain. However, selecting
points is not the end for compression, a more compact rep-
resentation would be more economical and useful in practical

applications. To improve the compression ratio, the points
are compressed using the following strategies: the (z,y, z)
coordinates are split into (x,y) pairs and z alone. The for-
mer are compressed using an adapted run length encoding
method, described below in section 4.1. The z sequence is
compressed using linear prediction and then by bzip2.

4.1 Run Length Encoding

The coordinates (z,y) are different from z because they dis-
tribute uniformly within the matrix dimension’s values, for
example from 1 through 400, while z values follow certain ge-
ographical distribution yet to be discovered. The run length
encoding is a simple lossless compression technique which,
instead of storing the actual values in the sequence, stores
the value and the count of sequence containing the same
data value. A run is just a consecutive sequence that con-
tains the same data value in each element. Since the (z,y)
values correspond to positions in a matrix, we need to store
only a binary bitmap where each location indicating whether
the corresponding point exists in S or not. There is no need
to store the original (z,y) pairs. Thus, given a binary ma-
trix of size N x N, the method is the following: For each
run length L, test if L < 254, then use one byte for it; if
254 < L < 510, then use FE as a marker byte and use a
second byte for L — 254; if 510 < L < 766, then use FF as
a marker byte and use a second byte for L — 510; lastly, if
L > 766, then use FFFF as a two byte marker and use next
two bytes for L.

For our test cases, we made some histogram of the run length
which shows that most runs are below 512, that means for
most runs we need only 1 byte to store it. Here we assume
all runs are shorter than 65535, which is a reasonable value
for terrains of 400 x 400 resolution and point set S with
reasonable size.

4.2 Encoding of elevation using prediction
Normally elevation data contains a high degree of correlation
and that means we may predict the elevation value from its
neighbors. The method of linear predication has been very
successful in image processing [8] and the idea is very simple:
to predict the vale of next element in the sequence, just use
the last seen element and keep the correction by saving the
difference between the two. The sequence z that we are
going to compress contains elevation information in points
selected by the ODETLAP algorithm.

In addition to linear prediction, we are considering other
prediction modes which also exploit the correlation between
points selected. Using Minimum Spanning Tree(MST) to
reorder the points is one of them. The hypothesis is that
the MST formed by points selected by ODETLAP reflects
certain terrain structure that can be used to exploit spa-
tial correlation between the elevation values. Consider the
ridge of the mountain for example, suppose points selected
by ODETLAP has a bigger chance to fall on the ridges, and
points on the same ridge would likely to have similar eleva-
tion values, which could help reduce the compressed size if
we use the correct spatial based prediction scheme.

Encoding of slope pairs selected in section 3.4 is done pretty
similarly. The difference is that now we need to compress
(z,9,2,Az,Ay) pairs. The first two are still done by run



length encoding and the last three are compressed separately
using prediction and bzip2.

5. RESULTS AND ANALYSIS

5.1 Test dataset

For this paper, our test dataset are six level 2 DTED DEMs.
DTED level 2 has relatively higher resolution and accuracy
comparing to its relatives DTED-0 and DTED-1. It has
post spacing of one arc second (approximately 30 meters).
The size of each 400 x 400 test data, at 2 bytes per point, is
320KB. The plots of our six dataset are given in Figure 3.
Some statistics of the datasets are given in Table 5.1.

Data Elev Range Elev o Slope Range Slope o

hilll 505 78.87 50.97 4.64
hill2 745 134.4 49.82 7.87
hill3 500 59.32 42.75 3.09
mtnl 821 146.0 52.81 9.64
mtn2 953 152.4 49.93 8.99
mtn3 788 160.7 60.38 11.15

Table 1: Some statistics of the test data

T“:‘

Figure 3: Test 400x400 30-meter Level 2 DEM

5.2 Evaluation criteria

Evaluating the reconstructed surface is nontrivial. We start
with the most basic metric: maximum absolute and RMS
elevation error. In Figure 4 we have the compressed file
size versus the maximum and RMS elevation error of the
reconstructed (decompressed) terrain. We could see the ter-
rain is fairly accurate since the RMSE is well below 10 for
a 1/10 compression ratio(recall the original binary size for
a 400 x 400 DEM is 320KB). 10 meters of accuracy is al-
ready below the accuracy of DTED-2; which is 18 meters of
absolute vertical accuracy [5]. It means some of the fine de-
tail that we are losing are possibly just random noise but it
is always good to have a compression technique that works
well in a high resolution setting since more accurate data
are becoming available in the near future [5].

Although we always compute statistics, our real metric here
is, “does it look good?”. Even elevation changes smaller than
the known precision are unacceptable if the slopes have ar-
tifacts. Accurate slopes are also important for computing
erosions, watersheds and for path planning. In Figure 5
we compare the elevation and slope from two stages of our
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Figure 4: Elevation error vs. compressed file size.

compression and the original DEM. The top row are the
elevation visualization and bottom row are the slope visu-
alization. The first column are the results after the first
iteration of Algorithm 1, which has a compression ratio of
1:25.3(12645 Bytes); the second column are from the second
iteration, the compression ratio is 1:16.9(18975 Bytes). We
could also find their corresponding maximum and RMS error
in Figures 4 and 6. From the figures, we could see that the
first iteration preserves the general trend of both slope and
elevation, but lost some of the high resolution detail because
of the high compression ratio. However, after more points
are included in the second iteration, a lot more details are
restored and most of the important features are captured.

Figure 5: Reconstructed terrain and slope at dif-
ferent compression levels. From left to right: after
first iteration, after second iteration and the origi-
nal DEM; Top row: elevation visualization, bottom
row: slope visualization.

Accuracy of elevation implies nothing about accuracy of
slope. (It was the realization of counter-intuitive properties
like this that motivated the formalization of calculus into
the new field of mathematical analysis in the 19th century.)
In Figure 6, we have the compressed file size versus the slope
error. Considering the 30 meters spacing of DTED-2 DEM
data, we could see RMS error of our reconstructed terrain is
pretty accurate(RMSE of 5 degrees for 1:10 compression).



Slope Accuracy vs. Compression
60

—e—Maximum absolute slope error
——RMS absolute slope error

50 \ ]
\\ |

/

N}
=3

max & rms slope error (degrees)
8
T

/\

Il

10 \ f
—
e

0 e
1 2 3 4 5 6 7
Compressed file size x 10"

Figure 6: Slope error vs. compressed file size.

6. CONCLUSION AND FUTURE WORK

In this paper we described new algorithm to lossily com-
press the terrain. The focus is on how to achieve higher
compression ratio while maintaining the elevation and slope
accuracy. ODETLAP framework is very useful for recon-
structing terrain surface from very sparse and unevenly dis-
tributed elevation data. We made several modification to
the original ODETLAP system so that without explicitly
storing slope values, we can achieve higher slope accuracy
in the output terrain. We also discussed run length encod-
ing, linear prediction and minimum spanning tree as ways to
encode the intermediate data so that the compression ratio
could be higher.

One of the future direction of our research is the extension
of ODETLAP to preserve monotonic terrain structures be-
sides slope. An example would be the terrain compression
that preserves shorelines and cliffs. There are two ways to
achieve this: either by explicitly storing the shoreline/cliff
structure along with terrain itself or by postprocessing the
compressed terrain produced by ODELTAP to generate new
shorelines/cliff that match the original. The relevance of this
extension to the main theme of this paper is that both strive
to maintain some important terrain features throughout the
terrain compression process. By effectively preserving these
features, the compressed terrain becomes more useful and
meaningful for the related geographical applications.
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