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Abstract. We present a new data structure for simplifing terrain that
captures hydrology significant features using a constrained Delaunay triangulation. This triangulation preserves the hydology by using irregularsized, non-overlapping planes to model regions that flow in a uniform
direction. Edges are associated with drainage and ridge networks that
incorporate physically-based structure into the model without significant
overhead. This allows better compression ratios the standard Triangulated Irregular Networks with highier hydrology accuracy. Standard error
metrics such as root mean squared (RMS) and maximum error fail to
capture whether a reconstructed terrain accurately captures the hydrology. A hydrology error metric is used to verifiy our results based on the
potential energy required for the reconstructed drainage to flow on the
original terrain. The results are then compared to other triangulationbased GIS compression methods.
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Introduction

Terrain data is being sampled at ever increasing resolutions over larger geographic areas requiring special compression techniques to manipulate the data.
Terrain operations such as drainage network calculation tend to have significantly distorted drainage networks when compressed using a lossy compression
technique. For example, JPEG2000 can achieve a high compression ratio with a
low RMS error, but oscillations that occur in the terrain reconstruction distort
the hydrology information that is derived using a steepest descent flow approach.
Often measuring the amount of water flow occurs by taking ground truth
measurements, where hydrology statistics are determined by direct measurement. This can be expensive, time consuming and requires accessing remote
locations. Rapid technological advances are making it possible to have accurate,
high resolution elevation data. This provides for a more accurate simulation of
hydrology, in ways that were once impractical. In order for this to happen, it is
essential that the scientific community has the tools available that can store and
manipulate large terrain datasets [1]. Accurate hydrological simulations could
allow better understanding of regions at greatest risk of flooding, help minimize
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the threat of natural disasters and to track and predict the flow of pollutants.
This work could also be applied to other flow based models. For instance, instead
of water, it could be used to understand threat areas due to volcanic activity.
Also, it could be applied to high resolution data for segmentation based on the
watersheds.

2

Prior Art

Triangulated Irregular Networks or (TIN) [8] is a very popular algorithm for
storing a surface for GIS applications. With TIN the surface is stored as a network of non-overlapping, irregular sized and oriented triangles. This is different
then a Digital Elevation Model (DEM) which is a dense raster elevation matrix
with the x and y index containing the elevation of z. TIN selects a subset of the n
most significant DEM points, these points are then used to construct a Delaunay
Triangulation. The Delaunay triangulation is a common computational geometry algorithm that maximizes the minimum angle of all the triangles in the mesh.
In our implementation we use the divide and conquer Delaunay triangulation [6]
which runs in O(nlogn) time.
Selecting the appropriate points to use for the Delaunay Triangulation is crucial in constructing an accurate representation of the surface geometry without
significantly distorting terrain important features. The selection process begins
by defining the boundary region of the terrain. This is constructed by dividing
terrain into two large triangles that encompasses the entire terrain region. To
minimize the maximum error, a point is added one at a time. The point that
is the farthest distance from the terrain reconstruction is inserted into the TIN.
The terrain is then reconstructed and the average and maximum error is recomputed. This process of inserting more points occurs one at a time until some
error threshold is achieved. In this paper, the notion of ‘distance’ is redefined.
Instead of distance being equal to the absolute value of elevation between the
TIN and the original DEM, distance is defined using a hydrology error metric.
Therefore, instead of minimizing maximum or RMS (root mean squared) error,
our HydroTIN algorithm minimizes the amount of drainage network error based
on a potential energy error metric. Before selecting points based on their “hydrology distance”, the triangle mesh is initial seeded using significant points on
the drainage network and ridge network of the terrain.
Numerous methods have been developed for estimating a drainage network
from a specified segment of terrain. Based on the fact that elevation data is
only an approximation for the actual terrain, some methods allow for water to
flow uphill until spilling over an edge. These flooding methods determine spill
points out of every basin. In the Terraflow approach [2, 13], the path of least
energy is used to flow uphill until reaching the spill point. The flow runs uphill
in situations when there is not an adjacent lower elevation. These methods often
keep expanding the drainage networks until they flow off the edge of the terrain.
This is because it is assumed that the initial input DEM is prone to collection
and sampling errors that cause unrealistic depressions.
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Past work has been done for defining a metric for comparing how well a
computed drainage compares to the real world drainage [14]. The D8 model
can assign flow in one of the eight possible directions. In the SFD (single flow
direction) version of the D8 model the entire amount of flow from each cell is
entirely distributed to the lowest adjacent neighbor. This is not the case in the
MFD (multi-flow direction) version the flow is fractionally distributed to all the
lower adjacent neighbors.
A slightly more sophisticated MFD model is the D∞ model. As the name
indicates, flow can travel in an infinite number of directions and is not limited
to eight directions. The amount of water leaving each cell is distributed to one
or more adjacent cells based on the steepest downward gradient [12, 11].
To simplify each curve in the ridge-river network, Douglas-Peucker [3] is used
where the reconstructed curve can not deviate more then a predefined tolerance
from the original. The output from Douglas-Peucker is a subset of the original
points with the first and last point on the curve always existing in the refinement.
The number of points used to reconstruct the curve is inversely related to the
error tolerance.
Instead of creating a triangulation mesh based soley on the refined ridge-river
points, we force the edges of the ridge-river network into the triangulation. This
increases the amount of structure incorporated into the construction, without
creating significant overhead. To create this triangulation we use a C implementation of a constained triangulation[9, 10] developed by Jonathan Shewchuk.

3
3.1

Creating a Constrianed Triangulation using the
Ridge-River Network
Ridge-River Network

In this work, the drainage network is computed using a standard D8 model
[11] based on steepest descent flow. In this implementation each cell flows to the
lowest adjacent neighbor and flow is forbidden from traveling uphill. The method
is executed on both the original and inverted terrain, and this can be done in
parallel. The inverted terrain is derived from the original elevation matrix using
the equation below:
Ie = M ax(E) − E + M in(E)
(1)
where E is the original elevation matrix and Ie is the inverted elevation matrix.
The drainage network is computed using E to determine the drainage network
and Ie to determine the ridge network. The two networks are combined together
and throughout this paper they will be refered to as the ridge-river network[7],
as seen in Figure 1. The process for computing each network is identical except
for the previously defined elevation inversion described above. Figure 2 shows
our drainage network computation compared to ArcGIS developed by ESRI. Our
implementation results in less fragmented and more realistic river networks.
The output of the initial drainage computation is a flow accumulation grid,
where each cell contains an integer corresponding to how many other cells contribute flow to that point. Cells above a predefined threshold are considered
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Fig. 1. The ridge-river network, with rivers in black and ridges in white. The highest
elevations are visualized in dark red and the lowest elevations are dark blue.

significant and are added to the drainage and ridge network. It is not necessary
to store all these cells since they are clustered together and therefore add little value to a point selection compression technique. The Douglas-Peucker [3]
algorithm is used to reduce the number of points required to represent each
river segment. The refined points can be stored and further compressed. To reconstruct the terrain we use an implementation of Over-determined Laplacian
Partial Differential Equations (ODETLAP) [4] where each point is considered
to be the average of its four neighbors, with a subset of the ridge-river points
being known.
Different from other methods that use flooding [1], our method computes
flow using a system of linear equations Ax = b where x is an unknown N 2
length vector equal to the amount of water accumulation at each cell and b is
the initial flow or “rain” at each cell, usually equal to 1. Matrix A is a N 2 × N 2
sparse matrix: the identity matrix with additional non-zero entries to represent
flow between neighboring cells. For instance, if cell X1 receives flow from cell X2
and X5 , row 1 in matrix A will contain non-zero elements in columns 1, 2 and
5. Therefore the number of non-zero entries in matrix A is bounded by 2N 2 ,
where N is the size of the N × N DEM. The upper bound of 2N 2 is determined
since there will be N 2 non-zero entries to load the identity matrix. All other
non-zero entries represent flow from one cell to one other cell. There can be
at most N 2 additional non-zero elements, since each cell can flow in only one
direction. Taking advantage of the sparse nature of matrix A the linear system
can be solved efficiently. In Figure 3 we show the compute time to initialize and
solve the linear system corresponding to the matrix size.
An important problem that needs to be addressed is the occurrence of plateaus,
which are regions where the flow direction can not be determined based on steepest decent flow. To deal with these cases, the plateaus are first identified using
a very fast variant of the Union-Find algorithm developed by Franklin and Lan-
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Fig. 2. (a) Our method for computing the drainage networks compared to (b) ArcGIS.
Notice how our method is less fragmented then ArcGIS.

dis [5]. The input is a 3N − 2 by 3N − 2 binary matrix and the output contains
a list of components, with each component representing one plateau.
Figure 4 shows the plateaus and initial drainage network. Once identifying
the flat areas, the cell directions are set using a similar strategy to Terraflow [13],
where a breadth-first search assigns directions towards the root or spill point.
Spill points are identified as cells in a flat component that contain a nonzero
direction. In other words, a cell in the component that has an adjacent cell with
a smaller elevation. Flat areas that have no spill points are determined to be
sinks. The directions of every cell in a sink are assigned to flow to a single point.
After assigning directions to every plateau and sink, the final flow stage can
be computed. The linear system of equations is modified to include the directions
assigned to the plateaus and sinks. The flow is recomputed and the final flow
accumulation grid and flow direction matrix is determined. Figure 4 shows our
final flow computation with the drainage network and watersheds.

The major benefits of this approach is simplicity, scalability and it is consistent (there is never a flow loop). However a significant disadvantage is that this
method does not account for flow sampling and dataset inaccuracies that often
unrealistically block flow.
3.2

Douglas-Peucker Line Refinement

The drainage and ridge networks are simplified using the Douglas-Peucker[3] line
refinement algorithm. This algorithm selects the most significant points need to
reconstruct a line within a given error tolerance. This tolerance specifies the maximum distance the line can deviate from the original. The higher the tolerance,
the fewer points required and the greater the difference between the original
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Fig. 3. Time to initialize and solve the sparse linear system for varying size datasets.

network and the reconstructed network. The output from the Douglas-Peucker
algorithm is an ordered list of the most significant points needed to reconstruct
the line. These points represent our compressed version of the hydrology. As
Figure 5 illustrates, when the tolerance is set appropriately there is a significant
reduction in number of points with the difference in the reconstructed lines being
negligible.

4

Error Metric

Standard metrics for evaluating the effectiveness of terrain simplification algorithms use root mean squared (RMS) and maximum error. These measurements

Fig. 4. (a) Visualizes flat regions. (b) Is an example of our computed drainage network.
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Fig. 5. Simplifying the original drainage network using Douglas-Peucker. The refined
line network is reduced by a factor of 3 with little visible difference.

are ineffective when evaluating the loss of drainage network structure. Therefore,
one of the main purposes of our research is to introduce a metric geared towards
measuring this error.
It is important to remember that the goal of our hydrology metric is not
to compare the reconstructed hydrology against an absolute truth. Hydrology
computed on a digital representation may have significant errors due to sampling
and data collection inaccuracies. Therefore, our hydrology metric does not compare the reconstructed drainage network versus the original drainage network
directly, as with ground-truth methods. Instead, the hydrology metric takes the
flow direction grid and the flow accumulation grid computed on the reconstructed
terrain and maps it onto the original, uncompressed DEM(Figure 6).
To compute the accuracy of the drainage network, the gradient, amount of
flow contributing cells and whether the flow is traveling uphill or downhill are
taken into account. The total downward energy and upward energy is computed
as a summation of the gradient |(Ei − Er )|, where Ei is the original elevation
matrix and Er is the receiving elevation matrix where each cell contains the
elevation of the adjacent cell in Ei that is receiving the water flow. The gradient is
weighted by the amount of flow (variable W ). Variable EnergyDown is the sum
of cells in the matrix where the flow travels downhill. Similarily, EnergyU P is the
summation of cells where the flow travels uphill. The final Error is determined
as the ratio of the total upward energy divided by the total downward energy.
X
EnergyDown =
(Ei − Er ) ∗ Wi
X
EnergyU P =
(Er − Ei ) ∗ Wi
Error =

EnergyU P
EnergyDown
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Fig. 6. To compute the potential energy error, the drainage is computed on the reconstructed terrain. This drainage network is then mapped onto the original terrain.
The amount of water flowing uphill and downhill influences the metric. The highest
elevations are visualized in dark red and the lowest elevations are dark blue.

In order to compute the energy error metric the flow is computed on the
reconstructed DEM. The error is determined by comparing the flow direction
matrix computed on the reconstructed geometry with the elevation matrix from
the original DEM. A perfect match would have an energy matrix equal to zero.
This would occur if the flow never went uphill, which is the case when using the
flow direction grid from the original terrain. Therefore, the closer the metric is
to zero, the more accurate the reconstructed drainage network.

5

HydroTIN Algorithm

A Delaunay triangulation requires a set of points that will become the vertices
of the triangle mesh. Therefore the algorithm for computing HydroTIN selects
points considered optimal for preserving the hydrology information. Past work
has shown that points on the River and River network are important for hydrology preservation. This Ridge-River network is simplified using the DouglasPeucker line refinement algorithm to select the most significant points along each
ridge-river segment. Figure 5 shows this simplification can significantly reduce
the number of points required with the difference between the reconstructed
line and the refined line being negligible. The refined Ridge-River points are the
initial vertex seeding of the triangulation.
Once the initial triangulation is determined, a special case needs to be addressed. Ideally, there will be no triangles that are formed that have all three
vertices lie on the river network. These triangles cause problems since they flatten out valleys crucial in preserving drainage information. Depending on the
input parameters and the terrain dataset, in practice roughly 15 of the triangles
will have all 3 vertices on the river network. To correct this problem, the point
with the highest elevation within each of these triangles is inserted into the triangulation. Triangles can still form such that they do not contain at least one
ridge points or one of the newly insert high elevation points. However, the vast
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Fig. 7.

majority are corrected once the Delaunay triangulation is recomputed. Figure 5
shows the triangulation after the initial drainage stucture has been encorporated.
At this stage the flow is computed on the reconstructed terrain in order to
identify locations at risk for high error. Once identified, the k most points with
the highest error are added to the triangulation. The flow is then computed and
the process iterates until the amount of error falls below a certain predefined
threshold. The optimal value of k is 1, however since the triangulation only
effects a local area of the terrain simplification, adding more points a certain
distance away from the other points will not effect the reconstruction. Adding
more then one point, one can encounter a problem if the points are too close
together since the refined points are sometimes clustered. This is because real
terrains are mostly continuous so if one point is far away, adjacent points are
also likely to be erroneous, and will be selected as well. Because of this, refined
points selected by any of our strategies may be redundant in some regions, which
is a waste of storage.
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Fig. 8. Left: Shows ridge-river points refined using Douglas-Peucker. This is the initial
”seeding” of the triangulation. Right: Triangulation derived from the nodes on the left.
Notice how the edges align with the ridge and river networks.

We perform a check process when adding new refined points: the local neighbor of the new point is checked to see if there is any existing refined points which
were added in the same iteration. If yes, this new refined point is discarded and
point with the next biggest error is tested until we find desired number of refined points. So as shown in figure 9, all potential refined points that are close to
an existing refined point(green points) are useless(marked red), and only points
that are beyond some distance from green points are selected(marked yellow).
By using this method we can add more points per iteration, drastically reducing
compute time.

6

Results

To verify the effectiveness of HydroTIN, our results are compared against terrain computed using a Triangulated Irregular Network (TIN). The specific TIN
implementation used in our comparison selects a point that is the farthest away
from the reconstructed triangle mesh. Only one point is selected at each iteration.
Figure 10 shows an error plot of HydroTIN versus TIN computed using a
400 × 400 DEM sampled at 30 × 30 meter resolution of the Hawaiian island
of Oahu. For HydroTIN, the initial seeding using the refined ridge-river points
contains a relatively high potential energy error. This first stage is important
in approximating the core drainage structure, however the error is high due to
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Fig. 9. Forbidden zone

localized areas of the triangle mesh that have inaccurate slope and contains
regions where the flow is traveling uphill when compared to the original. After
the first iteration when the 100 points with the highest error are incorporated
into the triangulation, the error drops dramatically.
After a couple of iterations HydroTIN will consistently achieve a lower error then TIN, roughly by a factor or 10. Both approaches tend to converge
around a certain error value. For TIN, this convergence is nearly immediate since
adding new points based on maximum error tends to result in short, fragmented
drainage networks that are not representative of naturally occurring flow. These
fragmented rivers tend to have a relatively small number of cells contributing in
the watershed.
Not surprisingly, there is a high correlation between the error and the number of points that are flowing uphill. In figure 11 the relationship between the
number of points and the percentage of points flowing uphill is shown. As more
points are included the numbers of cells flowing uphill are reduced for both
implementations. However, only a very small decrease is observed for TIN. In
contrast, HydroTIN consistently drops the number of upward flowing points. In
the last iteration, the number of cells flowing up hill for HydroTIN is a mere 319
out of 160, 000, or 0.2%. For TIN, 2, 864 cells flow uphill or 1.79%.
A user defined input determines the tradeoff between compression size and
the amount of potential energy error. The program will continue to iterate until
the error is below a user defined threshold. The edges of the triangles tend to
follow the ridge and river networks preserves drainage structure and preventing
significant blocking of water flow. After two iterations of minimizing the amount
of potential energy error drops by a factor of 10 by adding just 200 points.

7

Conclusion

Current techniques for compressing these datasets lose important information
that is essential for running operations on the reconstructed geometry with reliable results. Understanding how compression affects important terrain structure,
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Fig. 10. Amount of potential energy error determined when mapping the flow direction matrix from the reconstructed terrain onto the original elevation matrix. Error is
weighted by the gradient and the amount of flow.

such as hydrology, allows the GIS community to understand how a compression
technique affects the drainage accuracy of the reconstructed terrain. Our targeted compression technique minimizes the amount of potential energy error,
thus allowing for high compression ratios with minimal loss of hydrology information, while at the expense of other terrain structure.
MORE TO COME......
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