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1. Introduction
We present an algorithm for efficient path planning on com-
plex terrain with an arbitrary cost metric given by a 2D
array corresponding to edge weights.

The agent is allowed the full range of Euclidean motion
on the 2-dimensional plane, unlike alternate path planning
schemes that strictly avoid obstacles, such as the Lee [3]
and Hightower [2] algorithms or performing a graph search
on the Voronoi diagram of the obstacle boundaries [1]. We
use two runs of the A* algorithm to efficiently compute this
path.

We assume that the agent has complete knowledge of the
terrain. The agent’s goal is to plan a path between two given
endpoints that minimizes a given cost metric. For example,
the metric may penalize the agent for entering an area that
is being observed by an opponent, or it may account for the
slope of the terrain.

Our path finding routine is an adaptation of the A* algo-
rithm. The first cost metric we evaluated was simply the
number of grid points visited (similar to [3]). For the A*
algorithm, the terrain is represented as an n × n grid, each
point on the terrain is a separate node, and each node has up
to eight children in the search tree, corresponding to eight
neighboring points (see Figure 1a). This method has the
limitation of minimizing only the Chebyshev distance be-
tween the end points [4]. The Chebyshev distance between
points (x1, y1) and (x2, y2) is defined as max(|x1 −x2|, |y1 −
y2|). Our implementation deviates slightly from the actual
Chebyshev formula, in that the path length is computed via
the Euclidean formula, but only movement in eight direc-
tions is considered while planning the path.

2. Chebyshev vs. Euclidean Distance
We start by considering a simple case, where many points on
the terrain are obstacles and are marked as untraversable.
The agent would like to take the shortest path through the
terrain that avoids the obstacles. The cost metric is simply
the total distance traversed. A naive method to allow for
a full range of Euclidean motion, as shown in Figure 1b,
would be to include edges between all grid point pairs in the
search space. However, this increases the size of the search
space from O(n2) to O(n4), as there are O(n4) possible edges
to consider. Also, to compute the true cost of each edge
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Figure 1: In the first pass of our path-planning al-
gorithm, only movement in eight directions (Cheby-
shev movement) is considered. Next we would like
to plan a path that considers movement in all direc-
tions.
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Figure 2: A sample result of the first pass of our-
path planning algorithm. For the second pass, we
consider movement along the green lines.

requires O(n) time, because the edge must be segmented
as described below. This is clearly too expensive for larger
terrains.

To speed up the algorithm, we designed a two-pass system.
On the first pass, all points on the terrain are included in
the search space, and the Chebyshev path is computed as
described in the previous section. On the second pass, the
only nodes in the search space are the points that are re-
tained in the first path, and an edge is aded to every other
node in the search tree (see Figure 2). Thus, for any pair
of points in the search space, the smuggler may traverse a
straight line connecting them. In practice, computing this
second pass is more efficient than the first pass.

Although our 2-pass algorithm is not guaranteed to be the
optimal Euclidean path, the output from our heuristic 2-pass
system does very well in practice. Our approach will never
produce a path worse than the original Chebyshev path. The



Figure 3: Largest possible difference between the
Euclidean and Chebyshev paths.
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Figure 4: A sample comparison of the results from
a) the Chebyshev algorithm, b) our heuristic algo-
rithm, and c) the brute-force algorithm.

largest possible difference between the optimal Euclidean
and Chebyshev paths will occur in a situation as in 3. The
135 ◦ angle is fixed since we are always using a regularly
spaced grid. Then (a + b) − c will be maximized when θ =
φ = 22.5 ◦. Therefore, the optimal Euclidean path should
be no less than 92% of the length of the Chebyshev path.
Thus, as our heuristic scheme cannot produce a path longer
than the Chebyshev path, our heuristic algorithm should
produce a path whose length differs by no more than 8%
from the optimal Euclidean path. In practice, this difference
is usually much less than 8%.

3. Results
For comparison, we compute the optimal Euclidean path
with a brute-force application of the A* algorithm. Ev-
ery pair of grid points, whether adjacent or not, is included
in the search space. We compared our heuristic algorithm
against the brute-force method by running both algorithms
on a hundred 100 × 100 data sets. We limited the size of
the datasets to 100× 100, as the brute-force algorithm can-
not efficiently handle larger datasets, though our heuristic
approach runs quickly on 3200 × 3200 datasets. The aver-
age difference in the lengths of the computed paths was less
than 0.1%, while the average speedup was greater than 100.
Our heuristic approach is much faster than the brute-force
scheme without significantly sacrificing the solution quality.
Some sample results are shown in Figures 4 and 5.

4. Alternate Cost Functions
Our scheme can then be generalized to more sophisticated
cost metrics. Rather than considering simply Euclidean dis-
tance, we are given a 2D array which corresponds to the
costs of moving onto a grid point from any adjacent grid
point. (The cost of moving from point A onto an adjacent
point B need not be the same as the cost of moving from
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Figure 5: A case where our heuristic algorithm (b),
which goes around the central obstacles to the south,
produces a different path than the brute-force algo-
rithm (c), which goes around the central obstacles
to the north. Here the Chebyshev path (a) would
have been equally good going north or south around
those obstacles. However, going north allows for
more space for a straighter Euclidean path (space
that was ignored by the heuristic algorithm).

point B onto point A.) For computing the Chebyshev path,
calculating the cost to move between adjacent points is triv-
ial. However, for the second pass which allows a full range
of Euclidean motion, the cost to traverse a straight line that
connects two distant points must be computed. This line is
not likely to pass through grid points exactly. Here the cost
metric at several places (not necessarily at grid points) along
the line must be interpolated. All the points that lie along
gridlines are used, and each point is linearly interpolated
from its two closest grid points.

Now our path planning procedure takes a cost function de-
fined on a uniform grid, with non-uniform edge weights, and
computes the path that minimizes the cost function while
allowing a full range of Euclidean motion.
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